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On the role of entropy conservation and entropy
loss governing substorm phases

J. Birn, M. Hesse, and K. Schindler

Abstract: MHD theory and simulations have shed light on the role of@mt conservation and loss during the course
of a substorm. Entropy conservation appears to be a crueialemt leading to the formation of thin embedded current
sheets in the late substorm growth phase, causing the ohaatinstability or a catastrophe (loss of equilibrium). Expty
loss (in the form of plasmoids) is essential in the earthweadsport of ux tubes (bubbles, bursty bulk ows). Entropy
loss may also change the tail stability properties and nrebdiooning modes unstable and thus contribute to crdks-ta
variability. We illustrate these effects through resutenf theory and simulations. We also verify that the entropy
conservation as used in MHD remains a valid concept in parsicnulations.
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1. Introduction In MHD simulations this is usually accomplished by some ad-

. hoc model of resistivity (or by numerical diffusion). In eol

The large-scale dynamic evolution of the magnetosphere, MNisionless models appropriate for the magnetotail, riv#igt

cluding the substorm growth phase and the substorm expag- : : -
sion phase, is usually modeled by the one- uid magnetohydroﬂom binary collisions does not play any role. Many of the in

dynamic (MHD) equations. Major assumptions used in the devestigations of magnetic reconnection in the magnetdtarid-
lynami quations. Maj umpti u : fore have focused on the break-down of (1) and the properties
rivation of the MHD equations from the more general frame-

work of collisional or collisionless Vlasov/Boltzmann exju of the dissipative electric eld resulting particularhyoim elec-

, ; ; tron inertia effects [14, 9, 11, 8, 13].
tions are (a) the neglect of the electric eld in the plasmst re However, the entropy conservation (2) and its break-down
frame (ideal MHD),

also have important implications for the evolution of thegma
E+v B=0 (1) netotail, the accessibility of certain states, and theiliialof

the tail. This is the topic of the present paper. In Sec. 2 we
present results from quasi-static theory and MHD simutegio
that demonstrate the potential role of entropy consematio

(b) the assumption of isotropic plasma presgurand (c) the

neglect of heat ux or, more narrowly, the divergence of the
heat ux tensor. Here heat ux represents the third order Mo+ 4rowth phase of substorms in governing thin currenttshee
ment of the particle distribution function, representingrmal ¢ 1= +i0n and the loss of equilibrium. As discussed in Sec. 3

eg_ergyt_transporttln the pIasm:_;l reslt fral;net. ;l—hIS rl}t_—:‘ad%;o thﬁwe subsequent loss of entropy by the severance of a plasmoid
adiabatic, i.e., entropy conserving, law of state, whicly results in a ballooning unstable con guration. The entrinss

written as enables depleted uxtubesto penetrate close to the eaknile w
E b _ @) ballooning instability may provide cross-tail structuredala-
dt mentation. These results rely on the entropy conservag@jn (

which is imposed in the MHD model. However, as demon-
strated in Sec. 4 from a comparison between an MHD sim-
ulation and a full particle simulation, the integral of ey

whered=dt @=@1tv r isthe time derivative in a comoving
frame. Here = 5=3is appropriate for an isotropic plasma

d|str|but|qn function (taken in the plasma rest frame), et on moving ux tubes is well conserved in particle simulation
also implies the absence of heat ux.

Although the details of substorm onset in the magnetotai 1S well, providing credence to the results of the MHD simula-

are still a matter of debate, there is no doubt that magnetic'ons'

reconnection, and plasmoid formation and ejection, playa c
cial role in the expansive phase of substorms. This reqaires 2. Suybstorm growth phase: Thin current sheet
local violation of the ideal MHD constraint (1) associatetw  formation, loss of equilibrium

a dissipative electric eld . ] ] .
In this section we discuss the possible role of entropy con-

E°=E+v B60 (3)  servation during the substorm growth phase. Recently Bich a
Schindler [3] investigated the quasi-static response®fihg-
Received 18 June 2006. netotail to a deformation of the magnetopause boundary, af-

_ . fecting particularly the inner tail. Using two-dimensidnzag-
iJC'OB'lrJné IAOS Alamos National Laboratory, Los Alamos, New Mex- ,otqhvdrostatic (MHS) equilibium theory, together withx,u

M. Hesse.NASA/Goddard Space Flight Center, Greenbelt, Mary- entropy, and tppolo_gy conse_rvation (equivalent to ideallMH
land, USA for slow, quasi-static, evolution), they demonstrated tha

K. Schindler. Institut fur Theoretische Physik, Ruhr-Universitat Nite boundary deformation of magnetotail equilibria caade
Bochum, Bochum, Germany to strong local current density enhancement, that is, tha-fo
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x plasmoid ejection in the tail, resulting from boundary defation

in the near tail. The gray scale indicates the current densit
Fig. 1. (a) Maximum current density as function of the amplitude
of the boundary indentation; (b) pressure as function of tixe 3. Expansion phase: Role of reconnection,
variable A for the unperturbed state (dotted line), the theoretical propagation of bubbles
limit obtained from quasi-static theory (dashed), and fram

MHD simulation (solid line). Modi ed after [4]; (c) magneti The results of Sgc. 2 showgd the strong coupling between
eld con guration near the critical limit, consisting of zhin boundary perturbations, resulting from the impact of tharso
embedded current sheet (gray scale) that bifurcates tothard wind, and current density intensi cation within a thin shee
Earth (left). forming within the plasma sheet. It is plausible that thade

to the onset of instability or the loss of equilibrium, regrar

ation of a thin current sheet. Equilibrium con gurationsath ~ 1€ss of the dissipation mechanism. In the presence of dissip

satisfy the constraints cease to exist when the boundary détion the strong current density enhancement is expected to
formation exceeds a critical value. cause reconnection. We simulated this by imposing nitd; un

y form, resistivity. As demonstrated by Fig. 2, this indeeatle

¢to reconnection in the near tail and the formation and ejecti
of a plasmoid. Similar results can also be obtained from full
particle simulations, where dissipation results from etactin-

Figure 1 illustrates this result. Panel (a) shows the marim
current density in the tail as a function of the amplitude o
the boundary indentatioa, which diverges at a nite value

of a. Panel (b) shows the pressieas a function of the mag- . :
netic ux variableA, where the magnetic eld is given b§ = ertia causing nongyrotropy of the electron pressure tei$or

r A . The dotted line corresponds to the unperturbed state Th_e plasmoid formati_on has a further consequence for closed
and the dashed line to the critical state. where dP=dA be- eld lines, connected with earth at both ends. Because [pérts
comes locally in nite. The solid line represents the resdtan ~ (heS€ €ld lines are severed, the remaining closed secten b
MHD simulation, where the critical state is obtained by aslo COMes shorter and its total entropy content reduced. This is
temporal evolution resulting from a temporal in ow through démonstrated in Fig. 3, showing the integrated quarsi{)

the boundary, which causes a similar deformation as in thd® nezd by

quasi-static model [4]. Panel (c) illustrates the con dioa B - _ 1= ds

near the critical state, showing an enlarged inner portfdhe S= p dv= p B (4)
tail. A thin sheet with strongly enhanced current densitayg _ . ) ) ) )

scale) becomes embedded in the plasma sheet. This sheet W€reA is again the uxvariable in the two-dimensional mag-

furcates into two sheets toward the Earth (to the left in E)g.  netic eld, integrated at various times along eld lines es3
ing the near-Earth boundawy = 0. A is normalized to O at
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Fig. 3. Entropy function for the MHD simulation of Fig. 2 at 2R e ——————————————————
various times indicated in the legend. et 2 3 4 5 68 7 8 9 10
10 Fig. 6. Evolution of a entropy-depleted ux tube (bubble). The

gray scale shows the earthward ow speed and the contours the
boundary of the region of reduced entropy density inxhe
plane.)

As shown by [12], the nonmonotonic variation of the en-
tropy function, resulting from the plasmoid loss, also aen
the stability properties of the con guration and, specilga
the depleted ux tubes, which are often denoted a plasma-‘bub
0 2 4 6 8 10 ble” [10, 6]. The non-monotonic variation of the entropydsa
to ballooning or interchange instability. Using three-dim
, , sional magnetohydrodynamic simulations, Birn et al. [1] in
Fig. 4. Entropy function for a depleted ux tube (bubble). vestigated the propagation of low-entropy bubbles in thg-ma

. netotail. To distinguish the role of the entropy depletiensus
x =05z =0 and increases outward. The sharp decrease of thg:ce|eration by reconnection, they studied the evolutioa o
initial S(A) (dotted line) neaA = 0:7 marks the transition  ¢|5seq magnetic ux tube with arti cially reduced pressure
from closed to open eld lines, which cross the far boundary g thus entropy density). The initial entropy variatisfiown
x = 32, rather than the equatorial plage= 0. In the ab-  j, rig "4 and is qualitatively the same as in Fig. 3, resulting
sence of dissipation, thatis, for vanishing resistivitysfunc-  m reconnection. Birn et al. found that the depletion was
tion should be conserved. As a re_sult of reconnection, hewev .\ cialin permitting the earthward propagation of the Hapb
S(A) becomes reduced for eld lines that are affected by ré+g4ching speeds of the order of 200-400 km/s, depending on
connection. The sharp increase $fA) (nearA = 0:5for  he injtial amount of depletion and the cross-tail extenaof
t = 50) marks the location of reconnection; it moves to highery, \hhe Fig. 5 illustrates this result by a comparison oééhr

A values, and from closed to open eld lines, as time proceed%imulations, one starting with a depleted ux tube (solits),
Below this value the functiorS(A) show a deep minimumbut ¢ \yith additional added initial earthward momentum (dot-

remain essentially identical for the part that has undeggen o4 jine), and one with initial momentum but without deeti
connection, that s, left of the steep jump. This shows i@t (jashed line). Obviously, simple acceleration withoutldep

is little further dissipation. tion does not lead to signi cant earthward propagation, iehs

o

06 the two depleted ux tubes, after some initial phase, shawt si
ilar evolution and propagation toward Earth. This resutt ba
05k, ] considered as the consequence of interchange instability,

0af ginally postulated by [10].

The instability of the depleted ux tube con guration agatn
ballooning also leads to structuring of the depleted region
the cross-tail direction. This is demonstrated by Figs. & an
which show the earthward ow speed (gray scale) associated
with the bubble at two different times in tixez plane and the
X;y plane, respectively. The top section shows the earthward

time propagation, con ned within the depleted ux tube. The glot
. . . ) in the equatorial plane (bottom two panels), however, demon
Fig. 5. Maximum earthward ow speed as function of time for strate that the bubble, which originally consists of a sragin-
bubbles withym = 0:2 and (a) pressure reduction but no initial  nected ux tube, breaks apart into several pieces of ux &ibe

velocity (solid line), (b) pressure reduction and initi&locity This is the result of ballooning modes with a wave structare i
(dotted line), (c) no pressure reduction but nite initis¢locity the cross-tail direction.

(dashed line). After [1].
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Fig. 7. Evolution of a entropy-depleted ux tube (bubble). The -8+ i i i

gray scale shows the earthward ow speed and the contours the 16 2 16

boundary of the region of reduced entropy density inxhg

plane.) Fig. 8. Late magnetic eld con guration and current density
(gray scale) for an MHD (top) and a PIC simulation (bottom) of

4. Validity: Comparison between MHD and the Newton challenge problem [5, 2]. The outermost eld $ine

kinetic simulations are the ones that originally formed the boundades 8.To
show the deformation more clearly, eld lines outside ofgbeare

The results discussed in sections 2 and 3 are based on the
tropy conservation (2), which is imposed in the MHD model.

In a full kinetic model, this ap_proximation may break down \ith this gauge, the ux values should be frozen in the
through the development of anisotropy and effects of he@t co plasma uid within the ideal MHD regime, that is, prior to and
duction, in addition to reconnection. We have thereforestv  after reconnection. However, it makes sense also to compare
igated the conservation of entropy in a comparison of agerti  the entropy before and after reconnection, because of the sy
simulation of magnetic reconnection with an MHD simulation metry of the con guration and the fact that the entropy measu
[2]. This study was motivated by a recent comparative stddy oge ned by (4) is an additive quantity. Thus we can compare the
forced magnetic reconnection with various particle andd ui entropy measurs of a section of a eld line that extends from
codes, named the “Newton challenge.” In these simulationghez axis to the boundary before reconnection with the corres-
the formation of a thin current sheet and magnetic recoiorect ponding eld line that extends from theaxis to the boundary
are initiated in a plane Harris-type current sheet by te@lbor  after reconnection.

limited, spatially varying, in ow of magnetic ux (from top Figure 9 (top) shows the entropy function (4) obtained ia thi
and bottom in Fig. 8). All simulations resulted in surprgln  \yay as function of the magnetic ux variable for both MHD
similar nal con gurations [5] with a concentration of thaic:  and PIC simulations at the late stages of the simulations to-
rent in rings around the center of the magnetic islands -as ilyether with the initial distribution (dotted line). The bah
lustrated in Fig. 8. This suggested that entropy consemati part of Figure 9 shows the corresponding pressure vargtion
operated similarly in uid and particle codes despite thetfa a|so averaged over the eld lines. For the PIC simulation the

that kinetic approaches include anisotropy, a differessiga-  pressurep is de ned by the trace of the full pressure tensor,
tion mechanism, and different waves not included in MHD.  gjyen by

Speci cally we investigated again the integral entropy siea
ure S(A), de ned by Eg. (4), using a gauge in which is - }pk + Zp,) (6)
frozen in the plasma outside the reconnection region. In thg 3 3

absence of dissipation and for vanishing heat ux (or, morergy an indication of the anisotropy in the PIC simulatiore th

generally, vanishing divergence of heat U8JA) should be a  parallel and perpendicular components of the pressurettens

simulation and an MHD simulation with localized resistvit |ines.

given by The entropy functions in Figure 9 (top) show remarkable
= ,;=cosifs §% = (x=0y)? + (z=0,)? (5) agreementwith each other and with the initial distribufites-
pite the fact that most eld lines at the late times have under
gone reconnection. This demonstrates that the Joule dissip
tion at the reconnection site leads only to a minimal inczéas
the total entropy on a eld line. In contrast, the pressunacfu
Yions P(A) have change drastically from the initial distribu-
tion but agree closely between MHD and PIC simulations. The
small difference is largely due to the fact that the PIC sanul
tion has evolved slightly more than the MHD simulation. The

nitted.

choosingdy, = d; = 1 and ; = 0:01 Magnetic ux val-
uesA were derived from integratinB, = @ A=@along the
boundaryx = 16. We note that, without dissipation, the ux
values at the corners of the simulation box and, for symmetr
reasons, ak = 16;z = 0 should be conserved. We nor-
malizedA to vanish ak = 16;z = 0, that is, at the o-type
magnetic neutral points in the center of the evolving maignet
islands, where the plasma stays at rest.
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reconnection and plasmoid formation and ejection.

The subsequent loss of entropy by the severance of a plas-
moid results in a ballooning or interchange unstable con g-
uration. The loss of entropy is essential in enabling deplet
closed ux tubes (bubbles) to penetrate to the inner magneto
sphere closer to Earth, as suggested by [10]. Ballooning in-
stability may also be responsible for providing cross<ilic-
ture and lamentation of bubbles, which may be closely asso-
ciated with localized fast ow bursts in the tail.

These results rely on the entropy conservation (2), which is
imposed in the MHD model. However, as demonstrated by the
comparison between an MHD simulation and a full particle

12

06 [

04 [

0.2 [ S

0.0 L

simulation, the integral of entropy on moving ux tubes is
well conserved in particle simulations as in MHD simulagpn
providing credence to the results of the MHD simulationse Th
2L (approximate) conservation of entropy, even through tbeme
7% nection process, is a consequence of the strong localizafio
e Joule dissipation (given by E®, whereE®= E + v
- of the lack of signi cant heat ux across the eld.

B) and
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Fig. 9. Entropy (top) and pressure (bottom) as functions of
the magnetic ux variableA for MHD (dashed line) and PIC
simulations (solid line) of the Newton challenge problem
[5]. Also shown are the parallel and perpendicular pressure
components for the PIC simulation.

1.

PIC simulation shows some anisotropy, particularly at &alu

of A close to 0, which corresponds to the center of the mag-2-

netic islands.
The (approximate) entropy conservation through the recon-

nection process is a particular property that results froen t 3.

symmetry of the Newton challenge problem with the x-point
located at the center of the symmetrical box. This has the con

sequence that at the reconnection site a eld line is splid in 4.

two halves, which are then reconnected with symmetrical two
halves, so that, in the absence of signi cant dissipatibe, t
total entropy remains the same. In more general con gunatio

without symmetry, such as the tail con guration of Fig. 2Jyon 5.

the sum of the entropies of the affected eld lines would be

conserved. That is, the entropy loss from a shortened reconb.

nected eld line corresponds to the entropy of the severetl pa

contained within the plasmoid. 7.

8.

5. Summary and Discussion

We have discussed how entropy conservation and the los$:

of entropy might affect various substorm phases, incluthieg
growth phase, onset, and the expansion phase, in the magneto
tail. Results from quasi-static theory and MHD simulations10

demonstrated how entropy conservation, together with it a 1

topology conservation in the growth phase of substorms govl :

erns thin current sheet formation and the loss of equiliriu
The strong current density intensi cation, which occursamh

the critical state is approached, suggests the onset abiigt ~ 12-

or a catastrophe, that is, loss of equilibrium, regardiéshe
dissipation mechanism. This eventually leads to the onfset o

Sun-Earth Connection Theory and Living With a Star Programs
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